If A is an automorphism of LF GT (X, L), let A −1 denote the inverse function of A which is again an automorphism of LF GT (X, L). Let us first prove some preliminary results which will be using in our main theorem.
containing same number of elements if n is finite.
Automorphism group of LF GT (X, L) when

L is a finite chain
Before proceeding to the main results, let us introduce some notations which will be using throughout this section. Let us denote the set {0, l 1 , l 2 , . . . , l n , 1} by L and let the order in L be 0 < l 1 < l 2 < . . . < l n < 1. We define an involution in L as 0 = 1, 1 = 0 and l i = l n−i+1 for every i ∈ {1, 2, . . . , n}. Then L is an F -Lattice. Let us designate an atom of LF GT (X, L) by J C = {0, C} where C ∈ L X and C = 0. For i = 1, 2, . . . , n,
M i = {J x l i : x ∈ X}, K n+1 = {{0, x 1 } : x ∈ X} and M n+1 = {{0, x 0 } : x ∈ X}.
Now we claim that for C ∈ L X , C = 0, 1, such that I C / ∈ {I x ln } x∈X , there exists an L-fuzzy set D ∈ L X such that I C ∨ I D contains 5 elements. Consider I C / ∈ {I x ln } x∈X , C = 0, 1.
Case 1: Suppose for some x ∈ X, C(x) = 0. Since C = 0, there exists an element y ∈ X such that C(y) Case 2: Suppose C(x) = 0 for every x ∈ X. Note that I C / ∈ {I x ln } x∈X . Then there exist elements x, y ∈ X such that C(x) = l i where i < n and C(y) = 0.
Define D ∈ L X such that D(x) = l i+1 and D(y) = 0. Then C ∨ D = C and C ∨ D = D. Thus I C ∨ I D contains exactly 5 elements.
So the claim holds.
Now if A(I x ln ) = I C for some I C / ∈ {I x ln } x∈X , then by above claim, there exists an L-fuzzy set D ∈ L X such that I C ∨ I D contains 5 elements. Since A is bijective, there exists an L-fuzzy set E such that A(I E ) = I D . Thus I x ln ∨ I E contains 4 elements. But A(I x ln ∨ I E ) = A(I x ln ) ∨ A(I E ) = I C ∨ I D contains 5 elements, which is not possible. Thus A map {I x ln } x∈X onto itself. Now I x ln = {0, x ln , 1} = {0, x ln } ∨ {0, 1}. Let A(I x ln ) = I y ln for some y ∈ X. Then A(I x ln ) = A({0, x ln } ∨ {0, 1}) = A({0, x ln }) ∨ A({0, 1}) = I y ln = {0, y ln } ∨ {0, 1}.
Thus A({0, x ln }) = {0, y ln }, since A({0, 1}) = {0, 1} by Lemma 3.3.1. Since x ∈ X is arbitrary, A maps M n onto itself.
Lemma 3.3.4. Let X be a set with more than one point. Then every automorphism of LF GT (X, L) maps 
Automorphism group of LF GT (X, L) when L is a finite chain
Proof. Let A be an automorphism of LF GT (X, L) and C ∈ L X . Then we can write C as C = {x l : x ∈ X and l ∈ L such that C(x) = l}, which implies
Then by Equation 3.1,
Since A −1 preserve order and arbitrary join,
K i for some z ∈ X and t ∈ L, t = 0 and assume
for some E ∈ L X , E = 0. If we replace C by E in equation 3.1 and since A preserve order and arbitrary join, we have,
some x ∈ X, l ∈ L and l = 0 and E(x) = l. Thus we get E = x l and
Lemma 3.3.5. Let X be a set with more than one point and let A be an au-
, then for x ∈ X, C(x) = 1 if and only if there exists an element y ∈ X such that D(y) = 1.
L-fuzzy generalized topology. Since A map M n onto itself by Lemma 3.3.3, A(J x ln ) = J y ln for some y ∈ X and let A(
we can prove that if A(J C )(y) = 1 for some y ∈ X, then C(x) = 1 for some
Lemma 3.3.6. Let X be a set with more than one point. Then every automor-
Proof. Let A be an automorphism of LF GT (X, L). By Lemma 3.3.4, A maps
Hence for every D ∈ D, {0, D} ∨ {0,
Define F ∈ L X such that
Then F ∈ C and consequently A(J F ) = J E for some E ∈ D. In fact we can choose k ∈ {1, 2, . . . , n} such that E / ∈ {z l 2 , z l 3 , . . . , z ln }. This is possible since
A is a bijection and k has n choices and the set {z l 2 , z l 3 , . . . , z ln } has n − 1
, which is a contradiction.
Hence A(J x l 1 ) cannot be J z l i for any i ≥ 2 and by Lemma 3.3.4, A maps K 1 onto itself.
Definition 3.3.1.
[6] Let X be a nonempty set and L be any F -Lattice. If
for all C ∈ L X and x ∈ X is an automorphism of L X .
Theorem 3.3.1. Let X be a nonempty set and L be any F -Lattice. If µ is an Lfuzzy generalized topology on X, then the collection H * p (µ) = {H p (C) : C ∈ µ} is also an L-fuzzy generalized topology and H * p is an automorphism of LF GT (X, L)
where H p is as in the Definition 3.3.1.
is an L-fuzzy generalized topology on X and H * p map L-fuzzy generalized topologies into L-fuzzy generalized topologies. Also note that H * p is bijective. If µ, τ ∈ LF GT (X) and µ ≤ τ if and only if H *
Finally we are in a position to prove our main results. First we consider here the case when X is a singleton set. Theorem 3.3.2. Let X be a singleton set. Then the group of all automorphisms of the lattice LF GT (X, L) is isomorphic to S(L \ {0}), the group of all permutations on L \ {0}.
Proof. Let X = {x} and L be as defined in the notation. Then the atoms of
where l n+1 = 1. In fact these are the only elements of LF GT (X, L) other than 0 since X = {x}. Let p be a permutation on {1, 2, . . . , n + 1}. Define a function
Then it will induce a bijection on {x l i : i = 1, 2, . . . , n + 1} and hence on {1, 2, . . . , n + 1}. Thus it defines a bijection between the group of all automorphisms of LF GT (X, L) and the group of all permutations on {1, 2, . . . , n + 1}.
Also if p and k are two permutations on {1, 2, . . . , n + 1}, then A *
This defines an isomorphism between the group of all automorphisms of LF GT (X, L) and the group of all permutations on L \ {0}.
Theorem 3.3.3. Let X be a set with more than one point. Then the group of all automorphisms of LF GT (X, L) is precisely the collection {H * p : p is a bijection on X} where H * p is as in the Theorem 3.3.1.
Proof. We have already proved in Theorem 3.3.1 that H * p is an automorphism on LF GT (X, L). Now let A be an automorphism on LF GT (X, L). We need to prove that A = H * p for some bijection p on X. By Lemma 3.3.6, A maps K 1 onto itself. Let x ∈ X, consider J x l 1 and let A(J x l 1 ) = J y l 1 for some y ∈ X. This y is unique.
Also
But A −1 (J z l 1 ) ∈ K 1 and also A −1 (J z l 1 ) and J x 1 must be comparable for every z ∈ X such that C(z) = 0. Then A −1 (J z l 1 ) = J x l 1 and thus z = y. But by Lemma 3.3.5, there exists an element t ∈ X such that C(t) = 1. Hence C = y 1 .
Proof of Claim (1): By Lemma 3.3.4, A maps
, 3, . . . , n} and Suppose A(J x l i ) = J z l j for some z ∈ X and j ∈ {2, 3, . . . , n}.
We know that |J
is a strong L-fuzzy generalized topology. So H ∨y 1 = 1. Hence
Hence k 1 must be greater than or equal to j. This is true for J x l i+2 , J x l i+3 , . . . , J x ln . Therefore for example, we have A(J x l 1 ) = J y l 1 , let A(J x l 2 ) = J y l j , where j ≥ 2. Then,
Since A is a bijection j must be equal to 2. Then A(J x l 2 ) = J y l 2 .
Similarly, A(J x l i ) = J y l i for every i ∈ {1, 2, . . . , n}.
Proof of Claim (2):
which is a contradiction. Hence D must be equal to y 0 .
Claim: If A(J x l i ) = J y l i for every i ∈ {1, 2, . . . , n}, then A(J x l i ) = J y l i for every i ∈ {1, 2, . . . , n}.
is a strong L-fuzzy generalized topology and thus J E ∨ J y 1 is a strong L-fuzzy generalized topology, which implies that E(t) = 1 for every t = y. Let
l n−1 ) = J y l n−1 , A(J x l n−2 ) = J y l n−2 and so on. Hence A(J x l i ) = J y l i for every i ∈ {1, 2, . . . , n}.
Then A = H * p on K i , where i ∈ {1, 2, . . . , n}, since x and y are arbitrary elements of X. Proof of (a): We have
, y l i }| = 3 which implies W (y) ≤ l i , since W / ∈ M j for every j ∈ {1, 2, . . . , n}.
Also if V (x) = l i , then |{0, V } ∨ {0, x l i }| = 3. By Remark 3.2.1, |{0, W } ∨ {0, y l i }| = 3 implying W (y) ≥ l i , since W / ∈ K j for every j ∈ {1, 2, . . . , n}.
Thus we get
Similarly, it is also easy to show that, if W (y) = l i , then V (p −1 (y)) = l i for every i = 1, 2, . . . , n.
Proof of (c):
Since x and y are arbitrary A = H * p on all atoms in LF GT (X, L). Also LF GT (X, L) is an atomic lattice, hence A = H * p on LF GT (X, L). Thus the proof is complete. 
L is the diamond-type lattice
Here we determine the automorphism group of lattice of fuzzy generalized topologies, LF GT (X, L), when X is an arbitrary nonempty set and L is the diamond-type lattice.
First we look at the structure of diamond-type lattice L = {0, a, b, 1} (see Throughout this section X will be an arbitrary non empty set and L will be the diamond-type lattice described above.
Definition 3.4.1. Let X be a nonempty set and L be the diamond-type lattice L = {0, a, b, 1}. Let P be a bijection on X × {a, b} defined as, for x ∈ X and l ∈ {a, b}, P (x, l) = (P 1 (x), P 2 (l)) where P 1 and P 2 are bijections on X and {a, b} respectively. Now let us define a bijection P * on set of all L-fuzzy points of the lattice L X by P * (x l ) = y m if and only if P (x, l) = (y, m) for every l, m ∈ {a, b} and P * (x 1 ) = P * (x a ) ∨ P * (x b ) where x, y ∈ X.
By P = (P 1 , P 2 ) on X × {a, b}, we simply mean P (x, l) = (P 1 (x), P 2 (l)) for
x ∈ X and l ∈ {a, b}.
Note that we are not considering all bijections on X × {a, b}. The essence of this definition of bijection is that we have freedom in the choice of L-fuzzy points {x a } x∈X only. For x, y ∈ X, if we map x a onto y a , then x b has no other chance than y b , in fact every z l map onto (h(z)) l where h is a bijection on X.
On the other hand if x a maps onto y b , then every z l maps onto h(z) l where h is a bijection on X and l is the pseudo-complement of l.
We explain the reason behind this in the following remark.
Remark 3.4.1. Let A be an automorphism of L X . We know that every automorphism of L X map atoms onto atoms. Here atoms are L-fuzzy points. If we let A(x a ) = z l 1 and A(x b ) = w l 2 for x, z, w ∈ X and l 1 , l 2 ∈ {a, b, 1}, Then
The value of A(x 1 ) at the point z must be greater than l 1 , thus getting (A(x 1 ))(z) = 1. Also z l 1 ∨ w l 2 must be an atom. So z must be equal to w and l 1 = l 2 . Hence A(x 1 ) = z 1 .
Before considering the main problem of this section we would like to find out the automorphism group of L X . Before that let us prove the following Lemma.
Automorphism group of LF GT (X, L) when L is the diamond-type lattice
Lemma 3.4.1. For every bijection P = (P 1 , P 2 ) on X × {a, b} where P 1 ∈ S(X) and P 2 ∈ S({a, b}) and P * on P t(L X ) defined as in Definition 3.4.1,
X for all i ∈ I and x ∈ X with H i (x) = 0 for every i ∈ I.
Proof. Let x ∈ X and let {H i } i∈I be a collection of L-fuzzy sets of X with
Hence the result.
Theorem 3.4.1. Let X be a nonempty set. Then automorphisms of L X are {A P : P = (P 1 , P 2 ), P 1 ∈ S(X) and P 2 ∈ S({a, b})} where
Proof. Let C, D ∈ L X . If C or D is equal to 0, it follows at once that A P (C∨D) = A P (C) ∨ A P (D). So let us focus upon the case when C = 0 and D = 0.
By Lemma 3.4.1, we get
Claim: A P is injective. Let C, D ∈ L X and assume A P (C) = A P (D). Now if x ∈ X and C(x) = 0, then there exists an element y ∈ X and D(y) = 0 such that P * (x C(x) ) = P * (y D(y) ).
Since P * is bijective on P t(L X ), we have x C(x) = y D(y) , consequently x = y and
. This is true for every x ∈ X such that C(x) = 0. Thus for every
we have D(x) = C(x) and therefore C = D.
Claim: A P is surjective Let us start with an element C ∈ L X . If C = 0, then A P (0) = C. Suppose
and by Remark 3.4.1, for x ∈ X A must map x∈X {x 1 } onto itself. We define bijections P 1 , P 2 on X and {a, b} respectively as P 1 (x) = y and P 2 (l 1 ) = l 2 if and only if A(x l 1 ) = y l 2 , for x, y ∈ X and l 1 , l 2 ∈ {a, b}. This map is well defined by Remark 3.4.1. Now define P * on X × {a, b} as P * = (P 1 , P 2 ). Then
C ∈ µ} where A P as defined in Theorem 3.4.1. Then A * P is an automorphism of LF GT (X, L) which we prove here as a theorem.
Theorem 3.4.2. For every bijection P = (P 1 , P 2 ) on X × {a, b}, where P 1 ∈ S(X) and P 2 ∈ S({a, b}), A * P is an automorphism of LF GT (X, L).
Proof. Let µ be an L-fuzzy generalized topology on X and P = (P 1 , P 2 ) be a bijection on X × {a, b} where P 1 ∈ S(X) and P 2 ∈ S({a, b}).
By definition, A * P (µ) = {A P (C) : C ∈ µ}. Since 0 ∈ µ and A P (0) = 0, we have 0 ∈ A * p (µ). Now let {C i } i∈I ⊆ A * P (µ) , then there exists a collection {C i } i∈I ⊆ µ such that A P (C i ) = C i for every i ∈ I. Consider
by Lemma 3.4.1. Thus A * P is closed under arbitrary join. Hence the claim.
. Thus A * P is order preserving. Hence the theorem is proved.
Definition 3.4.2. Let X be a nonempty set. Then the atoms of LF GT (X, L) are sets of the form {0, C} where C ∈ L X , C = 0. Let us designate this by J C and also we use the following notations for special types of atoms.
where, for l ∈ {a, b, 1},
and for l ∈ {0, a, b}, Theorem 3.4.3. Let X be a non empty set. Then every automorphism maps
Proof. Let A be an automorphism of LF GT (X, L). By Lemma 3.4.3, A map K onto itself. Let x ∈ X and let A(J xa ) = J ym for some y ∈ X and m ∈ {a, b} and A(J x b ) = J zt for some z ∈ X and t ∈ {a, b}.
implies that at atmost two points y, z ∈ X, D take non zero value.
Also note that {0, x 1 } ∨ {0, x 0 } is a strong L-fuzzy generalized topology.
Let A({0, x 0 }) = {0, w 0 } for some w ∈ X. Hence A({0, x 1 }) ∨ A({0, x 0 }) = {0, D}∨{0, w 0 } is a strong L-fuzzy generalized topology implying that D(w) = 1.
Hence D takes the value 1 at one point.
But we have D = y m ∨ z t . If y = z, then D can not take the value 1 at any point of X because m, t ∈ {a, b}. Hence y must be equal to z. Now if m = t, then D = y m ∨ z t = y m , which is not possible. So m = t and note that m, t ∈ {a, b}. Therefore m = t , where t is the pseudo-complement of t. Hence
We know that A −1 is also an automorphism on LF GT (X, L), proceeding as above, we get A −1 ({0, x 1 }) ∈ K for all x ∈ X. Hence A map K onto itself.
Having proved all these preliminary results, now we prove the main result of 74 3.4. Automorphism group of LF GT (X, L) when L is the diamond-type lattice this section.
Theorem 3.4.4. Let X be a nonempty set and L be the diamond-type lattice.
Then the automorphisms of LF GT (X, L) are precisely {A * P : P = (P 1 , P 2 ), where P 1 ∈ S(X) and P 2 ∈ S({a, b})}.
Proof. For any bijection P = (P 1 , P 2 ), where P 1 ∈ S(X) and P 2 ∈ S({a, b}), we have already proved in Theorem 3.4.2 that A * P is an automorphism of LF GT (X, L). Now let A be any automorphism of LF GT (X, L) and we need to prove that A = A * P for some P = (P 1 , P 2 ), where P 1 ∈ S(X) and P 2 ∈ S({a, b}).
If X is a singleton set, say {x}, then the elements of L X are 0, x a , x b , and x 1 and atoms of LF GT (X, L) are J xa , J x b and J x 1 . By Lemma 3.4.3, A must map
J x 1 onto itself. Then A = A * P for P = (P 1 , P 2 ) where P 1 is the identity function on X and P 2 on {a, b} is defined as P 2 (a) = b and P 2 (b) = a. Now if A is identity on LF GT (X, L), then A = A * P , where P = (P 1 , P 2 ), and P 1 , and P 2 are identity functions on X and {a, b} respectively. Now suppose X contain more than one point. Let x ∈ X and A(J xa ) = J ym for some y ∈ X and m ∈ {a, b}. Suppose A(J x b ) = J wp for some w ∈ X and p ∈ {a, b}, A(
strong L-fuzzy generalized topologies onto strong L-fuzzy generalized topologies, D ∨ z 1 must be 1 and by Remark 3.4.2, D must be z l for some l ∈ {a, b}.
n element set onto an n element set, the last term must be equal to {0, y m , w p , z 1 }. Arguing similarly we can prove that A(J x b ) = J y p for some p ∈ {a, b}. Consider
Since A map strong L-fuzzy generalized topologies onto itself,
and A({0, x a , x a }) = A(J xa ) ∨ A(J x a ) = J ym ∨ J y l . Since A is an automorphism and A map an n element set onto an n element set y m and y l must be comparable.
But l, m ∈ {a, b}, since a and b are not comparable, l must be equal to m. Thus Let us define P = (P 1 , P 2 ) on X × {a, b} by P 1 (x) = y and P 2 (l) = m if and only if A(J x l ) = J ym where x, y ∈ X and l, m ∈ {a, b}. The function P is a bijection on X ×{a, b} since A map K onto itself. Also note that P (x, l) = (y, m) for x, y ∈ X and l, m ∈ {a, b} if and only if P * (x l ) = y m . Now we need to prove that A = A * P . First our aim is to show that A = A * P on all atoms of LF GT (X, L) 76 3.4. Automorphism group of LF GT (X, L) when L is the diamond-type lattice Let A(J x l ) = J ym for x, y ∈ X and l, m ∈ {a, b}.
A * P ({0, x l }) = {A P (0), A P (x l )} = {0, (P * (w a ) ∨ P * (w b )) ∨ P * (x l ).
Since P * (x l ) = y m , we have y m ≤ A P (x l ). Also P * (w t ) ≤ A P (x l ) for every t ∈ {a, b} implying z n ≤ A P (x l ) for every z = y and n ∈ {a, b}. Since P * (x l ) = y m and P * (x l ) A P (x l ), we have y m A P (x l ). Therefore A P (x l ) must be y m .
A(J x l ) = A({0, x l }) = {0, y m } = {A P (0), A P (x l )} = A * P (J x l ).
Hence A = A * P on M . Hence A = A * P on {J C } C∈L X , where C does not belong to K ∪ M and we proved that A = A * P on all atoms of LF GT (X, L). Since LF GT (X, L) is an atomic lattice, it is clear that A = A * P on LF GT (X, L) and our proof is complete.
